Investigating the Radiometer TSYS Double Whammy Formula
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Abstract

Traditional temperature sensitivity calculations of radio telescope receivers identify two sensitivity loss mechanisms due to unwanted attenuation between the receive antenna and low noise amplifier (LNA) [1]. The first is a straightforward proportional signal loss and the second is an added loss-dependant attenuation noise term. This is often referred to as the double whammy effect of pre-LNA losses [2]. Post-antenna resistive mismatches via connections or with the LNA causing power loss are treated similarly. Reactive mismatches reduce antenna efficiency but deliver no extra noise. Noise factor analysis indicates that a receiver output signal-to-noise ratio (SNR) is only degraded once by the total pre-LNA attenuation. This note follows on from a previous article and explores comparative methods of radiometer temperature sensitivity calculation aiming to resolve the attenuator noise issue and identify reactive load limitations [3].

Introduction

This article examines a number of basic analysis methods used for low noise microwave radiometer receiver chains to explain the derivation and scope of the radiometer system noise temperature sensitivity formula. The standard formula is first introduced implying the double whammy followed by some basic transmission line definitions including discussions on mismatch loss, effect of reactive loads and transmission line loss. Then standard noise factor analysis indicates that the pre-LNA attenuation degrades the combined noise factor only once with single whammy implications. Further sections explain the whammy differences, producing two temperature analysis solutions shown to be mathematical identities where the loss factors can be clearly identified. Later sections cover the radiometer fed from an antenna, Y-factor TSYS measurement and finally presents some examples illustrating the noise contribution of pre-LNA attenuation  in practical systems.  

The TSYS Double Whammy Formula

For a radiometer with unwanted attenuation between a well-matched antenna and LNA, the usual formula for calculating the receiver system noise temperature performance, referenced to the LNA input is [1],
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where, TS is the antenna terminal source equivalent temperature, A is the attenuation/power loss factor (A < 1) between the antenna terminal and the LNA input, Ta is the ambient temperature and TLNA is the LNA equivalent input noise temperature (note:- some texts use L = 1/A to describe loss).

The fact that the attenuation factor appears twice in this formula, by linearly reducing the signal power and also adding attenuator-induced extra noise gives rise to the double whammy SNR verdict.

Available Power

All the following derivations are based on available power dissipated in a resistive load. Consider a voltage generator V with a source resistance RS feeding a load RL.

The power dissipated in the load from simple circuit theory is given by, 
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Maximum power is dissipated in the load when RL = RS and this is termed the available power from the source = 
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. For any other value of the load resistance, RL, the load power is reduced; this is deemed a mismatch and the power difference termed the mismatch or return loss. 
Mismatch Loss Attenuation

For any mismatched cable/component junction with source and load impedances, zs, zl, the voltage reflection coefficient is given by, 
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The mismatch is also specified by the line voltage standing-wave ratio, 
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When the load reactance is small compared to the load impedance, the ratio of the power absorbed by the load to the available power from the source, 
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 can be simulated by an equivalent attenuator, where the attenuation loss factor A, is given by,
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(3)

In summary, at any real microwave circuit junction, even fed by loss-less and correctly source-terminated transmission lines, there is always a resistive load sink that is either matched to the line impedance for no loss, or not matched, for less power to the load constituting the power loss; the loss factor is given by Equation 3, both in terms of reflection coefficient  and VSWR. 

Effect of Reactive Loads

The presence of large reactive load components can seriously increase the reflection coefficient implying higher signal loss and increased mismatch noise. 

In fact, significant signal loss can occur due to reduced available power from the source, but the basic zero reactance resistive noise is only modestly affected up to quite large load reactance values. 

With load reactance, X, the available power drops from Pavail =V2/4RS to,
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The graph shows that in a 50 Ω system, a 50 Ω load reactance (~2:5 VSWR) can drop the radiometer signal sensitivity by around 20%.

The available power maximum now occurs when 
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The mismatch attenuation factor Pload /PavailX  is modified to, 
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The available power difference is re-radiated by the antenna and is not passed to the LNA or resistive attenuators in the radiometer chain; it reduces the radiometer system sensitivity (see Appendix 2). 

Transmission Line Loss Noise

An appreciation of the source and value of the noise generated by an attenuator can be made by considering the effect of transmission line loss. 

If the total series resistance is r and the transmission line impedance is Z, feeding an LNA with matched input impedance Z, the line resistance generates thermal noise voltage to the value,
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 and delivers a reduced noise power to the LNA input impedance Z of, 
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For example, with series resistance r = 1 Ω, or 10 Ω, and with Z = 50 Ω, the noise power delivered to the LNA = 0.08kTaB, or 0.56kTaB. These are real measurable values with corresponding attenuation factors A of, 0.923 and 0.444.

Noise Factor Calculation 

The IEEE definition of noise factor (NF) is, the ratio of the signal-to-noise power ratio (SNR) at the component input to the SNR at the component output when sourced by a resistive element at standard temperature (290°K). The color codes in Figure 1 indicate the related input and output power components used to calculate the relevant SNRs.

[image: image1.wmf][

]

LNA

a

S

SYS

T

T

A

AT

T

+

-

+

=

1


Figure 1. Noise Factor Calculation: (a) Amplifier, (b) Attenuator, (c) Combined Circuits. 
The amplifier, power gain G, bandwidth B, in Figure 1(a) is assumed matched at its input with a resistor at ambient temperature Ta providing an available thermal noise input power of kTaB, where k is Boltzmann's constant. In Figure 1(a), the amplifier internally generated thermal noise relative to the input is represented by, (F-1)kTaB, where, F is the amplifier noise factor. 

Both signal power, kTSB and the noise components are amplified by the amplifier power gain, G producing the obvious signal and noise output power terms as shown.

Applying the IEEE noise factor definition to the amplifier in Figure 1(a), we see that, as might be expected,

LNA Noise Factor  =  
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(4)

For an input-matched attenuator, power attenuation factor, A (<1) in Figure 1(b), all the attenuator internal components are at ambient temperature producing just thermal noise and contain no active noise sources. The input and output available thermal noise power is just kTaB, so the apparent noise factor is equal to the reciprocal of the power attenuation factor as derived in Equation 5.

Attenuator Noise Factor  = 
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(5)

Coupling the passive attenuator to the amplifier input with the source load now at the attenuator input as in Figure 1(c), the LNA input available noise power via the attenuator is still kTaB, due to the matched source impedance, so with TS = 0 °K, the LNA output thermal noise level doesn't change from that observed for Figure 1(a). 

In Equation 4, the only term in the denominator that changes is GkTSB, which modifies to GAkTSB. 

The indicated noise factor in the combined attenuator-LNA case, Equation 6, now becomes F/A, but as stated above, the base output noise level (with TS = 0 ) is unchanged by the presence of the input resistive attenuator which still supplies kTaB available power. 

Attenuator + LNA Noise Factor  = 
[image: image17.wmf](

)

A

F

B

GkT

B

kT

F

G

B

GAkT

B

kT

B

kT

SNR

SNR

a

a

S

a

S

OUT

IN

=

+

-

=

1



(6)
Single Whammy?

The SNR analysis for Figure 1(c), Equation 6 correctly defines the combined circuit noise factor but shows that the SNR is degraded by the attenuation factor A only once by reducing the input signal power and no sign of any attenuator noise. 

The reason for this lies in the noise factor definition, in that it specifies an input source noise power base at 290°K to standardize the noise factor calculation but its presence and its available power subsumes any following series/parallel resistor/attenuator noise [5].

Radiometers, on the other hand, with well-matched antennas only supply power from sources within the antenna beam and convention measures these as temperatures for comparison with receiver generated noise sources as discussed in the next section.

Noise Factor to Temperature Conversion

Equation 4-6 results are modified here to suit a radiometer by applying the Friis noise factor-to-temperature conversion relation, 

Tcicuit = (NF-1)Ta 

This equation represents the component/circuit added noise temperature at its input, so the equivalent noise temperatures in the three Figure 1 cases:- a) amplifier; b) attenuator; and c) attenuator + LNA combined, are,

a)  TLNA =  (F-1)Ta 

b)  TA =  [(1/A)-1]Ta 

c)  TA + TLNA =  [(F/A)-1]Ta
            (7)

Equation 7(b) shows that the resistive attenuator does generate a measurable system noise contribution. 

Assuming an added target source/antenna temperature of TS, the equivalent system noise temperature for Figure 1(c) receiver from Equation 7(c), referred to the attenuator input is, 

TSYS* = TS + (TA + TLNA)  = TS  +  [(F/A)-1]Ta



Referring this equation to the LNA input by multiplying all elements by the constant A , we get,
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(8)

Equation 8 also implies a double whammy impact, now by attenuating the received signal as before but also modifying the LNA noise factor value. 

The two Equations 1 and 8 are in fact mathematical identities as is demonstrated later.

Referencing to the LNA input is sensible, as all eventual data measurements are linearly amplified versions of the LNA input noise terms. Equation 1, however, can be more useful for quantifying the effects of lossy components and has distinct advantages in situations where component cooling is implemented and the attenuator noise component genuinely reduced (see the Appendix 1).
Equation 1 TSYS Derivation Using the Friis Noise Factor Combination Formula 

The noise factors of both the LNA and attenuator components have been derived individually in Equations 4 and 5 but can be combined using the Friis formula, [
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Attenuator + LNA Noise Factor  = 
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, as before but referenced to the attenuator input.

The equivalent system noise temperature, now the attenuator and LNA components are identified, using the Friis temperature conversion formula becomes,
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Now, changing the reference point to the LNA input terminal by multiplying by the attenuation loss factor A, we get,
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(9)

Substituting for the LNA equivalent noise temperature Equation 9 becomes,
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(10)

Agreeing identically with the original form of Equation 1.

Radiometer SNR Comparison

It may not be obvious that the formula of Equation 8 and the double whammy formulas in Equations 1, 9 and 10 are telling the same story but this can be made clearer by calculating the observed output signal-to-added-noise ratio in both cases, as below.

Equation 8: 
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Equation 1: 


[image: image25.wmf](

)

(

)

(

)

a

S

a

a

S

O

T

A

F

AT

T

F

T

A

AT

SNR

-

=

-

+

-

=

1

1



(12)
In fact, the denominator of Equation 12 shows clearly where the loss-dependant noise temperature term is extracted from whilst maintaining the system noise temperature total.

Replacing the Input Source Load with an Ideal Antenna

The input source load in Figure 1 supplies an available power of kTaB; removing this and connecting a tuned, matched antenna, the available power then depends dominantly on sources illuminated in the antenna main beam. 

Of course, placing the antenna in an enclosed space where the walls are all at ambient,  Ta = 290 ° K recovers the full kTaB available power, but with well designed side and back lobes, this can largely be recovered by pointing the main beam to the ground or towards large environmental features at ambient temperature; this procedure is usually performed for Y-factor TSYS  estimates.

It was noted earlier that placing a source-matched attenuator in front of an LNA with TS = 0 °K, causes no change in the LNA base noise output level. However, replacing the source load with a matched antenna pointing in a direction where TS = 0 °K, together with a zero-loss attenuator link (A = 1), immediately drops the LNA output base noise level by GkTaB (compare Figure 1(c) with Figure 2(a)). This is a measurable quantity.

[image: image47.png]



(a)

[image: image48.emf]   

( F - 1) kT a B  

G  

  GAkT S B   G ( F - 1) kT a B    +  GkT a B ( 1 - A )    

A   kT S B  

kT a B ( 1 - A )  


(b)

Figure 2. Noise Temperature of the Attenuator + LNA when Driven by an Antenna 
Including pre-LNA attenuation as shown in Figure 2(a), the LNA output base noise level is now increased by GkTaB(1-A); the calculated attenuator noise component of Equation 7b is now referred to the LNA output. Again, this is a measurable quantity.

Figure 2(b) shows the corresponding input and output terms treating the attenuator and LNA as a single unit and whilst the thermal noise output terms appear different they are mathematical  identities. This can be verified by simplifying the relevant output terms, for example, 

for Figure 2(a), we get,  


ATS + (1-A)Ta + (F-1)Ta  = ATS + (F-A)Ta 
and for Figure 2(b),  


ATS + A(F/A -1)Ta  = ATS + (F-A)Ta 

 [= ATS + (F-A)Ta  + Ta - Ta →  ATS + (1-A)Ta + (F-1)Ta]
Showing that the representations of Figure 2(a) and 2(b) really are equivalent; duplicating the double whammy formula and again producing the same SNR result,
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Attenuation Effect on Y-Factor TSYS Assessment. 

The standard Y-factor method of measuring TSYS is to measure the ratio of the detected power when pointed at the hot ground (Tgr = 290 °K) and to a cold part of the sky ( Tsk = 15 °K), then, 

Y = Tgr/Tsk and the estimated system noise temperature is given by,
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There are of course some uncertainties in these values anyway but with front-end attenuation, the value of Y actually measured is, 
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Inserting this in Equation 14, we get,
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Indicating that the Y-factor measurement of TSYS is overestimated due to the total pre-LNA attenuation. The hot ground temperature estimate is usually better than the cold sky measurement especially for broad beam antennas which in the latter case, can have significant side/back-lobe responses or feed spillover. Both reduce the Y-factor value, so increasing the TSYS estimate.

Attenuator Effective Noise Temperature on Cooling

Separating the RF chain component temperature contributions, enables estimation of sensitivity improvements when cooling is applied to the input attenuating components. 

This can be understood by noting in Equation 7(b), cooling to TC, the attenuator noise apparent temperature contribution becomes,

TAc =  [(1/A)-1]TC 
Similarly, at the new cooled temperature, Equation 8 simply modifies to,  

TSYS =  ATS + (1 - A)TC + (F - 1)Ta 

(15)

In a similar manner further sensitivity improvement is predicted when also cooling the LNA.      

Cooling actually reduces the attenuator nominal thermal noise contribution as indicated; this assumes that the attenuator component resistor values are unaffected by temperature, so that the attenuation power ratio stays at A.

Practical Example: TSYS Noise Calculations using Double Whammy, Equation 1

For this example, consider using a LNA with 0.4 dB noise figure with an input VSWR of 1.8 at 50 Ω characteristic impedance, connected to the antenna with a connector loss of 0.1 dB. 

The antenna is ideal and directed such the TS = 0 °K.

The Mini-Circuits ZX60P33U LNA input impedance at 600 MHz is, 30.8 - j13.5 Ω and VSWR = 1.8. 
The antenna measured VSWR is 1.25 and the actual antenna source impedance is 62.5 Ω.

The ambient temperature, Ta is assumed to be 290° K.

Note:- For 13.5 Ω reactance, the available power reduction is about 1% and is ignored here but is taken into account in the full analysis in Appendix 2

Calculate the receiver noise temperature when the LNA is, 

1) connected directly to the antenna terminal with 0.1 dB connector loss and, 

2) when using a 50 Ω quarter wave transmission line transformer with 0.2 dB connection loss between the antenna and LNA. 

Answer. 1) The LNA noise factor is, 10NF/10 = 100.4/10 = 1.0965, so the equivalent noise temperature is,


 (F-1)Ta = 27.98° K and the connector loss factor,  A  =  10-0.1/10 =  0.977.

The antenna-LNA voltage reflection coefficient from, 
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The corresponding loss factor is, 1 - ρ2 = 1 - 0.3652  = 0.866
The loss/mismatch equivalent temperature = (1 - A(1- ρ2))Ta  =  44.6° K

And the total LNA input noise temperature is 27.98 + 44.6  = 72.6° K

and, TSYSnoise  = 72.6 °K
Answer. 2) The LNA noise factor is again,  1.0965 and the noise temperature is, (F-1)Ta = 27.98° K.


The input impedance of a 50 Ω quarter wave transmission line loaded by an impedance Z is equal to 502/Z, so the transformed LNA input impedance now becomes 68.1+j29.9 Ω.

The voltage reflection coefficient at the LNA input is now, ρ = 
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The corresponding loss factor is, 1 - ρ2 = 1 - 0.2272 = 0.948


The connection loss factor is, A  =   10-0.2/10 =  0.955.

The loss/mismatch equivalent temperature = (1 - A(1- ρ2))Ta  =  27.4 K

The total LNA input noise temperature is 27.98 + 27.4= 55.4K

0r, TSYSnoise = 55.4 K
Example: TSYS Noise Calculations using Equation 8

1) From Equation 8, the system noise temperature is, 

Referred to the LNA input, 

TSYSnoise  =  A(F/A-1)Ta  → (F - A(1- ρ2))Ta = [1.0965-(0.977*0.866)]x 290 = 72.6° K

Agreeing with the double whammy Answer 1 result.

2) From Equation 8, the system noise temperature is, 

Referred to the LNA input,

 TSYSnoise  =  A(F/A-1)Ta  → (F - A(1- ρ2))Ta = [1.0965-(0.955*0.948]x 290 = 55.4 K
Again agreeing with the double whammy Answer 2 result.

Example Comments

The examples demonstrate that both methods derived produce identical results. 

Normally to minimize losses, it is recommended to connect the LNA directly to the antenna terminal. The example above shows that it is worthwhile checking actual impedances for the antenna and LNA to see if a quarter wave transformer is of benefit. If both impedances are greater than or both less than the characteristic impedance, then of course, without detailed matching, direct connection will provide the best overall system noise temperature. 

The example calculations assumed negligible reactance components in both the antenna and LNA impedances. This is a fair assumption if the reactive parts are small compared to the impedance magnitude, which is good general design practice. Appendix 2 covers the general reactance case.
Conclusions

The traditional system noise temperature formula shows that attenuation and/or mismatch loss in the antenna-LNA path directly reduces the wanted antenna signal temperature and also adds a further attenuator noise contribution, so degrading the detected signal-to-noise ratio in two ways giving rise to the double whammy red flag. 

This article has described the application of basic RF analysis rules to explain the derivation of the double whammy radiometer equation. It shows that although noise factor analysis sports only a single loss factor, proper temperature analysis clearly identifies the signal and attenuator loss terms. Two alternative temperature analysis approaches presented appear to differ but are shown to be mathematical identities. 

The example section aimed to show that the results of the two methods agree and noted that knowing the specific antenna and LNA impedances rather than just the component VSWRs, then, by inserting a 50 Ω or maybe 75 Ω quarter-wave length of transmission line it can, in some instances, usefully improve the measured system noise temperature. 

Finally, the double whammy formula provides an adequate TSYS result for small reactive LNA loads. Pre-LNA attenuation and resistive mismatch do produce extra noise and also degrade all antenna received signal powers. Load reactance does not appear to generate extra noise but large values reduce the available power from the antenna and so diminish system sensitivity (see Appendix 2).
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Appendix 1:  Antenna Fed, Attenuator + LNA SNR Characteristics with Cooling

Figure A1 shows the signal and noise terms  for calculating the noise factor of an amplifier driven by a cooled attenuator.
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Figure A1  SNR Calculation with a Cooled Attenuator 
Derived from the output terms in Figure A1, the output SNR given in Equation A1 is presented in a similar form to Equations  11 and 12 to better show the SNR improvement with attenuator cooling from  ambient, Ta to a lower value TC.
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(A1)
Indicating that attenuator cooling reduces the noise attributed to the attenuator so increasing the observed SNR. Heating on the other hand increases the attenuator noise, now decreasing the SNR. 

When TC = 0° K, the attenuator resistive noise component is reduced to zero as expected, producing an improved SNR reducing Equation A1 denominator by the amount, (1-A)Ta.

Appendix 2:  Practical Examples  - Load Reactance Corrections.

Maximum power is transferred from a resistively matched antenna to a following circuit when the load resistance is equal to that of the antenna.  With reactive load components, the presence of the reactance reduces the load  current, which in turn reduces the available power absorbed by the load resistance. 

With a source impedance rs and load resistance and reactance rl + jx, the power absorbed by the load resistance component is,
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 and the maximum available power with reactance occurs when, 
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, so that the available power now is,  
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(A2)

The ratio of the power absorbed by the load resistance to the maximum available power with zero reactance is,
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(A3)

The ratio of the power absorbed by the load resistance to the available power is a measure of the circuit resistive attenuation and is given by,
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(A4)

These relations and example results are summarized in the following table. In the tabled graphs, the red curve plots the fall in available power with increasing load reactance; the blue curve plots the load resistive attenuation; the green curve plots the system total reflected power and is equal to the reported (1- ρ2) as in Equation 3. 
	Example 1. 
	Example 2
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Connector loss = 0.977
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Example calculations and results:-

	In Example 1
	In Example 2, 

	T S  Signal loss factor = 0.977 x 0.866 = 0.846

Attenuation factor = 0.977 x 0.876 = 0.856 --> 41.8°K.
Tsys --> 28 + 41.8 = 69.8°K. (83.8)
Ts/Tsys --> 69.8/0.846 =  82.5°K.
	Signal loss factor = 0.955 x 0.948 = 0.905

Attenuation factor = 0.955 x 1 = 0.955 --> 13.1°K.
Tsys --> 28 + 13.1 = 41.1°K. (58.4)
Ts/Tsys --> 41.1/0.905 = 45.4°K.


These results are an improvement on those calculated in the 'Practical Examples' section above (in brackets) and no longer imply noise being generated in the reactance components of the post-antenna circuit, now covered by the loss in available power.
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